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SUMMARY 
This paper is concerned with a study of the family of affine frame operators 
induced by some $J E L2(R), where Q,,~(x) := 2ji2$(2 ix-k) and 8 = {O,,k} E 1”(Z2). With very 
mild decay assumption on $, Te can be considered as linear operators on Lp(Iw), 1 < p < 00, and the 
objective of this paper is to identify the family 3 of those $ that give rise to bounded linear operators 
Te on Lp. The main result is that any 1c, E Lip cy, 0 < (Y < 1, satisfying O(jxl-I-‘) at intinity for some 
E > 0, is in 3 provided that it has zero mean. 
1. INTRODUCTION AND RESULTS 
Recently, there has been much interest in the study of series representation of 
functions f in L * := L*(R) in terms of dilations and translations of a single 
function $ E L*. The most popular consideration is an infinite series of the form 
(1.1) f (Xl Nj EL Cj,kVbji,k(X)l 
where 
(1.2) v/++(x) := 2j’Q(2jx - k). 
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For the representation (1.1) to be useful, the family {+j,k: j, k E Z} is usually 
required to be afvame (cf. [l, p. 681 and [4, p. 561). If the representation (1.1) must 
also be unique for allf E L2, then this frame is necessarily an unconditional basis 
of L2 (cf. [6]). In particular, if {$j,k} is an orthonormal (o.n.) basis, then $ is 
called an OX wavelet (cf. [ 1,4,5]). 
Any frame {$j,k} must be a Bessel sequence, defined by 
for some positive constant B, called a Bessel bound. That is, only the upper frame 
bound is used as Bessel bound in the definition of a Bessel sequence. Here and 
throughout, the standard notations for inner product and norm for L2 are used. 
By modifying a result in [6], the following lemma provides an operator approach 
to the study of affine frames as discussed in our earlier work [3]. 
Lemma 1. Let $ E L2. Then the family {$j,k}, j, k E Z, defined by (1.2) is a 
Bessel sequence with Bessel bound B as in (1.3) ifand only ifthe linear operator 
(1.4) (T~f)(x) := j Ez (f, &‘j,k)$j,k(X) 
is bounded in L2 with 11 Till 5 B. 
As an application of the above lemma, we can reformulate a result in Meyer [5, 
pp. 270-2711 as follows. 
Theorem A. Let $J E L2 satisfy both 
(1.5) 
i 
I$+)[ L C(1 + IXpE; 
1$(x) - $(Y)l L Clx -Yla? X>Y E R 
forsomeE>O,O<aI:l,and 
(1.6) _I T,!(X) dx = 0. 
Then T, as defined in (1.4) is a bounded linear operator in L2. 
In order to extend this study to L* := L’(R), we consider the linear operators 
(1.7) (Tef )(x) := j gL ei,k(f) +j,k)&,k(x)t 
where @ = {h)j,k} E 1” := [“(z’), which are initially defined on the class 
V := D(R) of compactly supported C (30 functions on R, and then extended to all 
of P as follows. 
Definition 1. Te, as defined above, is called a bounded linear operator in L’, 
where 1 < p -C 00, if 
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is convergent and there exists a positive constant A, such that 
(1.8) sup I(TE3f,g)I 5 44lgll, Ilfll, 
lMq 51 
for allf,g E 23, wherep-’ + q-’ = 1. 
Hence, (1.8) can be extended to allf E L* and g E Lp. An Lp version of The- 
orem A is the following (see Daubechies [4, p. 2961). 
Theorem B. Let I+G be a measurable function on R such that 
(1.9) 
i 
I@,(x)1 < C(1 + IXI)-‘--E; 
I@‘(x)1 < C(1 + lxl)-‘-E, X E IT& 
and that 
(1.10) {$j,k: j,k E Z} is an 0.12. basis of L*. 
Then for any 0 = { Oj,k} with 8j,k = f 1, To is a bounded linear operator in Lp, 
l<p<oo. 
The objective of this paper is to establish the following sharper result. 
Theorem 1. Let $ be a measurable function on II8 satisfying (1.5). Then Te is a 
bounded linear operator in Lp for any 0 E I” where 1 < p < co, if and only if $I 
satisjies (1.6). 
It is clear that (1.5) is weaker than (1.9), and it is also a wellknown fact that for 
$J to be an o.n. wavelet (as defined by (l.lO)), it must satisfy the zero-mean con- 
dition in (1.6) (cf. [l, p. 71 and [4, p. 71). From the proof of Theorem 1, we will see 
that the operators Te also satisfy the following. 
(i) Te is of weak type (1, l), in the sense that a positive constant C exists, 
with 
I{x: l(Tef)(x)l > X>l 2 ; Ilf 111, x>o, f EL’; 
(ii) Tc+ is a bounded linear operator from H ’ to H ‘; and 
(iii) Te is a bounded linear operator from BMO to BMO. 
As a consequence of Theorem 1, we also have the following result. 
Theorem 2. Let 111 E L* satisfy (1.5)-( 1.6), such that {$j,k} is an unconditional 
basis of L2 and that its dual basis is also generated by some 4 E L2 in the same way 
as (1.2), with Gsatisfying (1.5)-(1.6). Then {+j,k} IS a 1 so an unconditional basis of 
LPforanyp, 1 <p < 00. 
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2. PROOFS OF THE RESULTS 
We first establish the necessary condition (1.6) in Theorem 1. For this purpose, 
we recall from [4, p. 631 that for 1c, to satisfy (1.3), it must also satisfy 
(and in fact, this integral cannot exceed 2Bln2; see [2]). Now, by consecutive 
applications of the duality principle and the interpolation theorem, we see that if 
Te is bounded in Lp, where 1 < p < 03, then it must also be bounded in L*. 
Hence, considering Oij = 1, we conclude, by applying Lemma 1, that $ must sa- 
tisfy (1.3), and hence, (2.1). Since $ E L’, we have 12 E C(W) so that G(O) = 0. 
This establishes the necessary condition (1.6). 
To prove that (1.6) is a sufficient condition, we only need to verify that Te, 
where 8 E I 03, is a Calderon-Zygmund operator with kernel 
Indeed, it is wellknown (cf. Meyer [5, p. 2331) that a Calderon-Zygmund operator 
is necessarily bounded in Lp(W) for any p, 1 < p < cm. That is, to complete the 
proof of Theorem 1, it suffices to verify the following properties. 
(a) I%Y)l 5 Clx-YIP’, 
(b) IK(x,y) - K(x’,y)] 5 C Ix - x’16 
Ix-)q+6’ 
(c) ]K(v,x)-K(y,x’)] < c Ix-x’16 
Ix-_Jy11+6’ 
for some 6 > 0, where x # y, Ix - ~‘1 I i Ix - y], and 
(d) the linear operator Te is bounded in L*. 
In order to establish (a), (b) and (c), we need the following. 
Lemma 2. Let G(t) be a nonnegative and decreasing function on [0, 00) that 
sa tisjies 
(2.3) Q(O) < cm and 7 Q(t) dt < co. 
0 
Then there exists a constant C > 0 such that 
(2.4) x,y E R. 
Proof. If I y - kl > i Ix - yl, then by the monotonity of @, we see that 
(2.5) 
IX-Yl 
WY - 4) 5 @ 2 . 
( > 
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On the other hand, if 1 y - kl < i Ix - yl, then 
Ix - kl > Ix - YI - I y - kl > 1 Ix - yl, 
so that we have 
(2.6) 
The estimations (2.5) and (2.6) then imply that 
c @(lx - W(lY - kl) 
kEH 
= c @(lx-W@(IY -kl) 
ly-klkl/2lx-yl 
5 4 
( 
Hence, by (2.3), we see that (2.4) holds with 
q 
1. Proof of (a). For fixed x # y, we can findjo E Z such that 
(2.7) - 2’O 2 lx! yl < po+1 . 
Setting 
1 
Q(x) = (1 +X)l+E’ 
and applying the first inequality in (1.5), we see that 
1 
IK(x, y)I I c c 2j c @( 12jx - kl)@( I2jy - kl) 
jij0 kc72 
(2.8) + c c 2jkFz @( 12jx - qq l2jy - kl) 
j>j0 
:= II + 12, say. 
Now, since 
C @(12jx - k1)@(12jy - kl) I Q(O) + 2 7 Q(t) dt, 
k 0 
we obtain 
z, 5 c c 2j < C2jQ. 
jSj0 - 
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So, it follows from (2.7) that 
(2.9) 11 < qx - yipl. 
Also, if j > jo, then (2.7) implies that 
12’x - 2jyl > 2h Ix - yl > 1. 
Hence, by Lemma 2, we obtain 
L 
z* 5 c c 2q 1 + 12jx - 2q-’ --E 
i>j0 
(2.10) < c c 2.i. 2-iU+E)IX _ yI-l --E 
j >j0 
< Clx - y$‘. 
By combining (2.8), (2.9) and (2.10), we obtain (a). 
2. Proof of(b) and (c). To verify (b), we set 
E 
rl = 2(1 + o! + E) 
and observe that 
’ IfhY) - W,Y)l 
(2.11) < 5 C c I’@j,k(x’) - Ilii,k(x)l”I~j,k(X’)I1-‘l~j,k(Y)I 
j,kEZ 
i :=.Tl +Jz, say. 
The assumption (1.5) then leads to 
I 
J, 2 C c 
jeL { 
2jl2’x - 2jx’laq c [@( /2jx’ - kl)]’ -“Cq 12’y - kl) 
keL > 
(2.12) 
= 
( 
“is0 + c.I& 
> 
I...> 
J >Jo 
:= J~I + Jlz, say. 
Here, since 
c PWX - WI ’ - “@( 125 - kl) < @(O) + 2 7 Q(t) dt, 
k 0 
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we have 
(2.13) J,l < Clx - x’la’l C 2j(‘+“q) < ;-“+f”:;. 
ill0 X 
Hence, by Lemma 2, we see that, forj > jo, 
c [@(12jx’-kl)11+D(12jy-kl) 5 C[~(112j,‘-2jyl)11~” 
k 
C 
I 
2j(l +E)(l -v)lx _ yl(l +E)(l -7) 
Thus, we arrive at 
(2.14) ~~~ 5 C2io((t+a+(t+E)(t -7)) Ix - X’la’l < c Ix - X’lnq 
Ix/ _ # fE)(1-17) - Ix _ YI’+N7j 
By combining (2.12)-(2.14) we obtain 
JI I C 
‘x - x1/* 
‘x-y’1+6’ 
with 6 = an. Similarly, we also have 
52 I C 
Ix - x’16 
Ix _ $+6 
Hence, by applying (2.11), we establish the inequality (b). By symmetry, it is clear 
that (c) also holds. 
3. Proof of(d). Recall from Lemma 1 that the linear operator TI is bounded in 
L2. It therefore follows that some B > 0 exists such that 
for any {aj,k} E 12. By Setting aj,k = ej,k(f, ‘$j,k), We obtain 
IlT~fll~ 5 Bj,Ez lej.k121(f,&,k)12 5 B211@ll~= lfll:~ 
Hence, Te is bounded in L2. This completes the proof of Theorem 1. q 
In the proof of Theorem 1, we verify that under the assumptions (1.5) and 
(1.6), Tt, is a Calderon-Zygmund operator. Hence, by a wellknown result on such 
operators (see Meyer [S], p. 230), statement (i) holds. In addition, assumption 
(1.6) implies that 
T;(l) = To(l) = 0. 
Hence, both (ii) and (iii) also hold (see Meyer [5], p. 237 and p. 239). 
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To prove Theorem 2, we consider the operator 
A similar discussion leads to the conclusion that the linear operator Pe is boun- 
ded in L*. This fact, in turn, implies that for any f E Lp and 8 E I” the series 
c ej,k(fl ‘?j,k)@j,k(X) 
j,kEZ 
is convergent in LJ’. Hence {‘@j,j,k(x)} is an unconditional basis of LP. 0 
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